The existence and multiplicity of periodic solutions are obtained for the nonau-Ž . tonomous second order systems with locally coercive potential; that is, F t, x ª < < w x qϱ as x ª ϱ for a.e. t in some positive-measure subset of 0, T , by using an analogy of Egorov's Theorem, the properties of subadditive functions, the least action principle, and a three-critical-point theorem proposed by Brezis and Nirenberg. ᮊ
INTRODUCTION AND MAIN RESULTS
Consider the second order systems w x u t s ٌF t, u t a.e. t g 0, T Ž . Ž . Ž . 
N
A F t, x is measurable in t for every x g R and continuously w x Ž. differentiable in x for a.e. t g 0, T , and there exist a g C R , R , 1 Ž q . b g L 0, T ; R such that < < < < < < < < F t, x F a x b t , ٌF t, x F a x b t Ž . Ž . Ž . Ž . Ž . Ž .
N w x for all x g R and a.e. t g 0, T . Ž . obtained three distinct solutions for problem 1 under some additional w x conditions, and Tang 10 made some extension.
In this paper, we replace the uniform coercivity by the local coercivity, Ž . < < w x that is, replacing F t, x ª qϱ as x ª ϱ uniformly for a.e. t g 0, T by Ž . < < F t, x ª qϱ as x ª ϱ for a.e. t in some positive-measure subset of w x 0, T , and obtain some existence and multiplicity results of periodic solutions by using an analogy of Egorov's Theorem, the properties of subadditive functions, the least action principle, and a three-critical-point w x theorem proposed by Brezis and Nirenberg 9 , which generalize some w x well-known results in 1, 2, 8᎐10 . Our main results are the following theorems. 
is not convex in x, not periodic in x, not ␥-subadditive in x, not conver-< < w x Ž . gent to qϱ as x ª ϱ uniformly for a.e. t g 0, T , and ٌF t, x is not 1 Ž .
Suppose that F satisfies assumption A , 2 , and 3 . Assume that there exist r ) 0 and an integer k G 0 such that
for all x F r and a.e. t g 0, T , where w s 2rT. Then problem 1 has at least three distinct solutions in H 1 .
T w x Remark 2. Theorem 2 generalizes Theorem 7 in 9 and Corollary 5 in w x Ž . 10 . There are functions F t, x satisfying our Theorem 2 and not satisfyw x w x ing Theorem 7 in 9 and Corollary 5 in 10 . For example, let
s w q 2 ln 2 t and s t ln 2 q Ž .
4
Ž . are chosen such that F t, x is continuously differentiable in x for a.e. w x t g 0, T .
We shall prove more general results than Theorems 1 and 2.
THEOREM 3. Suppose that F s F q F , F , and F satisfy assumption
1 N w x for all x g R and a.e. t g 0, T , and
2 N w x for all x g R and a.e. t g 0, T , and Ž . Proof. Without loss of generality, we may assume that f t ª qϱ as n n ª ϱ for all t g E.
For every M ) 0 and every positive integer n, define
Hence we have
Ž . because that f t ª qϱ as n ª ϱ for all t g E. By the properties of 
Ž . nªϱ
Hence for every i there exists n such that
Then one has
Ž . Furthermore, f t ª qϱ as n ª ϱ uniformly for all t g E . In fact, for
n 0 for all n G n and all t g E .
Suppose that F satisfies assumption A and E is a measurable w x subset of 0, T . Assume that
for a.e. t g E. Then for e¨ery ␦ ) 0 there exists subset E of E with
uniformly for all t g E .
␦
Proof. Set
< < x G n, x s , , . . . , , Ž .
Next, we give a relation between the uniform coercivity and the subadditivity.
Ž . LEMMA 3. Suppose that F satisfies assumption A and E is a measurable
1 Ž . uniformly for all t g E. Then there exist a real function ␥ g L E , and
for all x, y g R N , and coerci¨e, that is, G x ª qϱ 10 Ž . Ž .
< < as x ª ϱ, and satisfies that
for all x g R N and a.e. t g E. Ž . < < Proof. Since F x, t ª qϱ as x ª ϱ uniformly for all t g E, there
Ž . exists a sequence of positive integers n with n ) 2 n for all positive
< < for all x G n and all t g E. Let n s 0 and define
By the definition of G we have
for all t g R N and a.e. t g E, where
Ž . In fact, when n F x -n for some k G 2, one has, by 13 and 15 ,
Ž . for a.e. t g E. When x -n , we have, by assumption A and 15 ,
It is obvious that G is continuous and coercive. Moreover one has
for all x g R N . In fact, for every x g R N there exists k g N such that Now we only need to prove the subadditivity of G. Let
Ž . Hence we obtain, by 15 , G x q y F m q 4 F k q 2 q j q 2 F G x q G y , Ž . Ž . Ž .
which shows that G is subadditive.
At last, we prove our main results.
Ž . Ž . Proof of Theorem 3. By Lemma 2, for ␦ s 1r2 meas E ) 0, there Ž . exists subset E of E with meas E _ E -␦ such that ␦ ␦ < < F x, t ª qϱ as x ª ϱ Ž .
uniformly for all t g E , which implies that ␦ meas E s meas E y meas E _ E s ␦ ) 0.
Ž . 
